
Motivation Results on BS Groups Weak-but-not-strong aperiodicity for BS(1,n) Conclusion

Weakly and Strongly Aperiodic SFTs on
Baumslag-Solitar Groups

Julien Esnay
Joint work with Etienne Moutot
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X is a weakly aperiodic SFT if ∀x ∈ X , |OrbG (x)| = +∞.
X is a strongly aperiodic SFT if ∀x ∈ X ,StabG (x) = {e}.

IMPORTANT: we require ALL configurations of X to look like that!!
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Theorem (Berger 66, Robinson 71...)
There exists a strongly aperiodic SFT on Z2.

Tiles can be rotated and reflected.

Julien Esnay (IMT) Aperiodic SFTs on BS Groups SDA2, 03/12/20 6 / 17



Motivation Results on BS Groups Weak-but-not-strong aperiodicity for BS(1,n) Conclusion

Theorem (Berger 66, Robinson 71...)
There exists a strongly aperiodic SFT on Z2.

Julien Esnay (IMT) Aperiodic SFTs on BS Groups SDA2, 03/12/20 6 / 17



Motivation Results on BS Groups Weak-but-not-strong aperiodicity for BS(1,n) Conclusion

Remark
If G is infinite, strongly aperiodic ⇒ weakly aperiodic.

Theorem (folklore)
A nonempty SFT X on Z2 is weakly aperiodic if and only if it is strongly
aperiodic.

Question
To what extent can these complex configurations emerge from local rules?
Does it depend on the group structure?
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Figure: Wikipedia, page Baumslag-Solitar Group
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Another example, BS(2, 3):

g .b g .ba g .ba2

g g .a g .a2 g .a3
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σ0 :
{

0 7→ 0n−11
1 7→ 0n

σr :
{

0 7→ 0n−r−110r

1 7→ 0n

•

• •

• • • •. . .

c ∈ {0, 1}

σr (c)

r r
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. . . . . .

...

1 0 1

0 0 0 1 0 0
0 1 0 1 0 1 0 0 0 1 0 1

u

σ−1
0 (u)

σ−1
0 (σ−1

0 (u)) σ−1
1 (σ−1

0 (u))

σ−1
1 (u)

σ−1
0 (σ−1

1 (u)) σ−1
1 (σ−1

1 (u))
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Theorem (E.-Moutot)
The resulting SFT Xσ is weakly aperiodic.

If some ak period, k ∈ Z, then base word u is k-periodic.
It is also nk-periodic.
Then the words above u are k-periodic.
By the pigeonhole principle, two of these words are identical.

Proposition
A fixpoint of any σik ◦ · · · ◦ σi1 is aperiodic.

No ak period for any configuration ⇒ weak aperiodicity.
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Theorem (E.-Moutot)
Xσ contains some b-periodic configuration.

σ1 :
{

0 7→ 0n−210
1 7→ 0n

w := σ1(w)

w

σ−1
0 (w)

σ−1
0 (σ−1

0 (w)) σ−1
1 (σ−1

0 (w)) σ−1
2 (σ−1

0 (w))

w

σ−1
0 (w) w σ−1

2 (w)

σ−1
2 (w)

σ−1
0 (σ−1

2 (w)) σ−1
1 (σ−1

2 (w)) σ−1
2 (σ−1

2 (w))

Julien Esnay (IMT) Aperiodic SFTs on BS Groups SDA2, 03/12/20 16 / 17



Motivation Results on BS Groups Weak-but-not-strong aperiodicity for BS(1,n) Conclusion

Theorem (E.-Moutot)
Xσ contains some b-periodic configuration.

σ1 :
{

0 7→ 0n−210
1 7→ 0n

w := σ1(w)

w

σ−1
0 (w)

σ−1
0 (σ−1

0 (w)) σ−1
1 (σ−1

0 (w)) σ−1
2 (σ−1

0 (w))

w

σ−1
0 (w) w σ−1

2 (w)

σ−1
2 (w)

σ−1
0 (σ−1

2 (w)) σ−1
1 (σ−1

2 (w)) σ−1
2 (σ−1

2 (w))

Julien Esnay (IMT) Aperiodic SFTs on BS Groups SDA2, 03/12/20 16 / 17



Motivation Results on BS Groups Weak-but-not-strong aperiodicity for BS(1,n) Conclusion

Theorem (E.-Moutot)
Xσ contains some b-periodic configuration.

σ1 :
{

0 7→ 0n−210
1 7→ 0n

w := σ1(w)

w

σ−1
0 (w)

σ−1
0 (σ−1

0 (w)) σ−1
1 (σ−1

0 (w)) σ−1
2 (σ−1

0 (w))

w

σ−1
0 (w) w σ−1

2 (w)

σ−1
2 (w)

σ−1
0 (σ−1

2 (w)) σ−1
1 (σ−1

2 (w)) σ−1
2 (σ−1

2 (w))

Julien Esnay (IMT) Aperiodic SFTs on BS Groups SDA2, 03/12/20 16 / 17



Motivation Results on BS Groups Weak-but-not-strong aperiodicity for BS(1,n) Conclusion

Theorem (E.-Moutot, 2020):
Strongly aperiodic SFT on BS(1, n);
Weakly-not-strongly aperiodic SFT on BS(1, n);
Strongly aperiodic SFT on BS(n, n).

Thank you for your attention!
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Strongly aperiodic SFT on BS(n, n):

BS(n, n) B H ∼= Z× Fn

with H of finite index.

Theorem (Jeandel 2015)
There exists a strongly aperiodic SFT on Z× Fn.

Theorem (Carroll-Penland 2015)
A finitely generated group and a subgroup of finite index have the same
aperiodicity.
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Strongly aperiodic SFT on BS(1, n):

f : [ 1
3 , 2]→ [ 1

3 , 2]

f (x) =
{

f1(x) = 2x if x ∈ [ 1
3 , 1)

f2(x) = 1
3x if x ∈ [1, 2]

There is no k such that f k(x) = x .

1 0 1

2 1 2 1 1 1

0 1 0 1 1 1 1 0 0 1 0 1

→ x

→ f (x)
→ f 2(x)
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x

f −1(x)

f −2(x) f −2(x)

f −1(x)

f −2(x) f −2(x)

No period following a: same reason as substitutions.
No period following b: no periodic orbit of f .
No combination of a and b: nice tree-like structure of BS(1, n).
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